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Motivation

How should we one perform a regression analysis in which the
dependent variable is restricted to the standard unit interval
such as rates and proportions?
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An interesting approach
I [Ferrari and Cribari-Neto, 2004] proposed a regression model for con-

tinuous variates that assume values in the standard unit interval, e.g.,
rates, proportions, or concentrations indices.

I The model is based on the assumption that the response is beta-
distributed, they called their model the beta regression model.

I The regression parameters are interpretable in terms of the mean of
y (the variable of interest) and the model is naturally heteroskedastic
and easily accommodates asymmetries.

I A variant of the beta regression model that allows for nonlinearities
and variable dispersion was proposed by [Simas et al., 2010].
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I The chief motivation for the beta regression model lies in the flexibility
delivered by the assumed beta law.

I The beta density can assume a number of different shapes depend-
ing on the combination of parameter values, including left- and right-
skewed or the flat shape of the uniform density (which is a special
case of the more general beta density).

I [Ferrari and Cribari-Neto, 2004] proposed a different parameterization
by setting µ = p/(p + q) and φ = p + q:

f (y ;µ, φ) =
Γ(φ)

Γ(µφ)Γ((1− µ)φ)
yµφ−1(1− y)(1−µ)φ−1, 0 < y < 1,

with 0 < µ < 1 and φ > 0.
I We write y ∼ B(µ, φ). Here, E(y) = µ and VAR(y) = µ(1−µ)/(1+φ).
I The parameter φ is known as the precision parameter since, for fixed
µ, the larger φ the smaller the variance of y .
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Figure 1: Probability density functions for beta distributions with varying parameters µ =
0.10, 0.25, 0.50, 0.75, 0.90 and φ = 5 (left) and φ = 100 (right).
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The model - General version -
I Let y = (y1, . . . , yn)T be a random sample, where yi ∼ B(µi , φi ), i =

1, . . . ,n.
I Suppose the mean and the precision parameter of yi satisfies the

following functional relations:

g1(µi ) = η1i = f1(xT
i ;β)

g2(φi ) = η2i = f2(zT
i ; γ).

(1)

I f1 and f2 are nonlinear functions on β and γ, respectively.
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I Here, β = (β1, . . . , βk )T and γ = (γ1, . . . , γh)T are vectors of unknown
regression parameters which are assumed to be functionally indepen-
dent, β ∈ Rk and γ ∈ Rh, k + h < n.

I η1i and η2i are predictors.
I xi1, . . . , xiq1 , zi1, . . . , ziq2 are observations on q1 and q2 known covari-

ates, which need not to be exclusive.
I We assume that the derivative matrices X̃ = ∂η1/∂β and Z̃ = ∂η2/∂γ

have rank k and h, respectively.
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Link functions
I The link functions g1 : (0,1) → R and g2 : (0,∞) → R are strictly

monotonic and twice differentiable.
I A number of different link functions can be used, such as the logit

specification g1(µ) = log{µ/(1 − µ)}, the probit function g1(µ) =
Φ−1(µ), where Φ(·) denotes the standard normal distribution function,
the complementary log-log function g1(µ) = log{− log(1−µ)}, among
others, and for g2, g2(φ) = logφ, the logarithmic function, g2(φ) =

√
φ,

the square root function, g2(φ) = φ (with special attention on the pos-
itivity of the estimates), among others.

I A discussion of link functions can be found in [Atkinson, 1985, Chap-
ter 7] and [McCullagh and Nelder, 1989].
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Beta regression model: Some especial cases

I The linear beta regression model
We have, in (1), g1(µi ) = g(µi ) = η1i = xT

i β, where g(·) is some link
function and g2(φ) = φi = φ. We have that in this case X̃ = X and
Z̃ = 1 where X is the matrix of covariates with rows given by xT

i .

I The linear beta regression model with dispersion covariates
The precision parameter φ vary through a linear regression structure.
More precisely, in (1), g1(µi ) = g(µi ) = η1i = xT

i β, and g2(φi ) = η2i =

zT
i γ. In this case X̃ = X and Z̃ = Z where X and Z are covariates

matrix with rows given by xT
i and zT

i , respectively.
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Especial cases
I The nonlinear beta regression model with linear dispersion covariates

The precision parameter φ vary through a linear regression structure.
For this model the equation (1) becomes

g1(µi ) = η1i = f (xT
i ;β) and g2(φi ) = η2i = zT

i γ,

where β ∈ Rk and γ ∈ Rh. Then, we have that for this model X̃
remaining the same, and Z̃ = Z , where Z is the matrix of covariates
with rows given by zT

i .
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The log-likelihood function
I We consider the complete parameter vector θ = (βT , γT )T .
I For this class of beta regression models has

`(θ) = `(β, γ) =
n∑

i=1

`i (θ), (2)

where

`i (θ) = log Γ(φi )− log Γ((1− µi )φi ) + (µiφi − 1) log yi

+{(1− µi )φi − 1} log(1− yi );

µi = g−1
1 (η1i ), φi = g−1

2 (η2i ), as defined in (1), are functions of β and
γ, respectively.

I It is possible to show that this beta regression model is regular.
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Score function
I The score vector is obtained by direct differentiation of the log-likelihood

function with respect to the parameters.
I We defined the quantities dµi/dη1i = 1/g′1(µi ), y∗i = log(yi/(1− yi )),
µ∗i = ψ(µiφi )− ψ((1− µi )φi ), dφi/dη2i = 1/g′2(φi ), vi = µi (y∗i − µ∗i ) +
ψ(φi )−ψ((1− µi )φi ) + log(1− yi ) and ψ(·) is the digamma1 function.

I Further, the regularity conditions implies that

E
(

log
yi

1− yi

)
= ψ(µiφi )− ψ((1− µi )φi ),

and
E{log(1− yi )} = ψ((1− µi )φi )− ψ(φi ).

1We denote generally the polygamma function by ψ(m)(·), m = 0, 1, . . . , where
ψ(m)(x) =

(
dm+1/dxm+1) log Γ(x), x > 0.
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Score vector
I Define the vectors y∗ = (y∗1 , . . . , y

∗
n )T , v = (v1, . . . , vn)T , and µ∗ =

(µ∗1, . . . , µ
∗
n)T .

I The matrix T1 = diag(dµi/dη1i ),T2 = diag(dφi/dη2i ), Φ = diag(φi ).

I The (k + h)× 1 dimensional score vector is

S(θ) = ∇θ`(θ) = (Sβ(θ)T ,Sγ(θ)T )T ,

with
Sβ(θ) = X̃ T ΦT1(y∗ − µ∗),
Sγ(θ) = Z̃ T T2v .

(3)
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Fisher’s information matrix
I The observed information matrix I(θ) is obtained by differentiation of

the score vector
I(θ) = −∇θ∇T

θ `(θ) (4)

I Define D as the 2n × (k + h) dimensional matrix

D =

(
X̃ 0
0 Z̃

)
. (5)

I Let W be the 2n × 2n matrix

W =

(
Wββ Wβγ

Wβγ Wγγ

)
. (6)
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I Here

Wββ = diag

(
φ2

i ai

(
dµi

dη1i

)2
)
,

Wβγ = diag
(
φi{µiai − ψ′((1− µi )φi )}

(
dµi

dη1i

)(
dφi

dη2i

))
,

Wγγ = diag

(
bi

(
dφi

dη2i

)2
)
.

I where, ai = ψ′((1−µi )φi ) +ψ′(µiφi ) and bi = ψ′((1−µi )φi )(1−µi )
2 +

ψ′(µiφi )µ
2
i − ψ′(φi ).

I It is possible to obtain Fisher’s information matrix as

F (θ) = Eθ(I(θ)) = DT WD.
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I Note that Wβγ 6= 0, thus indicating that the parameters β and γ are
not orthogonal, in contrasts to the class of generalized linear models
(McCullagh and Nelder, 1989), where such orthogonality holds.

I The MLEs of β and θ are obtained as the solution of the nonlinear
system

S(θ) = ∇θ`(θ) = 0.

I Under fairly standard regularity conditions (for example, the condi-
tions described in [McCullagh, 1987, 21, 7.1,7.2], or equivalently the
conditions in [Cox and Hinkley, 1974, 8, 9.1]), the MLE of θ̂ has bias
of asymptotic order O(n−1) where n is the sample size or some other
measure of how information accumulates for the parameters of the
model.

I Nevertheless, the MLEs θ̂ and F (θ̂) are consistent estimators of θ
and F (θ), respectively, where F (θ̂) is the Fisher’s information matrix
evaluated at θ̂.
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In large samples
I If J(θ) = limn→∞ F (θ)/n exists and is nonsingular, we have that

√
n
(
θ̂ − θ

)
d→ Nk+h(0, J(θ)−1).

I If θr denotes the r th component of θ, it follows that(
θ̂ − θ

)
{F (θ̂)rr}−1/2 d→ N(0,1),

where F (θ̂)rr is the r th diagonal element of F (θ̂)−1.
I For 0 < α < 1/2, and qγ representing the γ quantile of the N(0,1)

distribution, we have,

θ̂r ± q1−α/2

(
F (θ̂)rr

)1/2

as the limits of asymptotic confidence intervals for θr with asymptotic
coverage of 100(1− α)%.
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General procedures in estimation
I [Paolino, 2001], [Ferrari and Cribari-Neto, 2004], [Simas et al., 2010]

and others using Fisher scoring to compute maximum likelihood esti-
mates.

I [Smithson and Verkuilen, 2005] discussed maximum-likelihood esti-
mation and implementations.

I [Smithson and Verkuilen, 2005], [Paolino, 2001] provides Syntax and/or
script files for some packages R/SPlus, SAS, Stata, SPSS, Gauss.

I [Monroy et al., 2008] discuss several nonlinear optimization methods
in the context of maximizing the beta regression log-likelihood func-
tion.

I [Simas and Rocha, 2006] and [Cribari-Neto and Zeileis, 2010] provides
ML estimation using the R package betareg. The interface as well
as the fitted model objects are designed to be similar to those from
glm().

I The list is more extensive !!!!!!
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In practice

Generally, the MLEs for this model can be obtained through a numerical
maximization of the log-likelihood function using a nonlinear optimization
algorithm, such as a Newton algorithm or a quasi-Newton algorithm
[Nocedal and Wright, 1999].

Newton algorithm (simplified)
I We suppose that have a a starting point θ0, and consider a Taylor

expansion of the score function, S(θ), about θ0:

S(θ) ≈ S(θ0)− I(θ0)(θ − θ0),

where I(θ) is the observed information matrix at θ0.

I Setting θ = θ̂, using that S(θ̂) = 0 and some algebra, we have

θ̂ ≈ θ0 + I−1(θ0)S(θ0).

(raydonal@de.ufpe.br) 19 / 47



We therefore use the algorithm (The maximizer)

θm+1 = θm + I−1(θm)S(θm),

and regularity conditions, it can be shown that θm → θ̂.

Fisher scoring algorithm
Uses expected information while Newton-Raphson uses observed
information

θm+1 = θm + F−1(θm)S(θm),

The covariance matrix F−1 is a byproduct of this algorithm.
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Quasi-Newton algorithm
I Central idea underlying quasi-Newton methods is to use an approxi-

mation of the inverse Hessian H using finite differences of the function
gradient.

I The maximizer is

θm+1 = θm + s(m)Q(θm)S(θm),

where s(m) is the step size satisfying the Wolfe condition [Wolfe, 1969]
and Q(m) is some positive definite matrix such that

lim
m→∞

Q(m) = −H−1.

I Different methods use different rules for updating Q(m). ( Davidon
-Fletcher-Powell (DFP), Broyden-Fletcher-Goldfarb-Shanno (BFGS),
Broyden, etc.
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I The major difference between these methods is in the number of
function evaluations per iteration (more for Newton-Raphson) and the
number of iterations necessary (more for quasi-Newton).

I Although Newton’s method converges quadratically near the root, it
requires inverting a Hessian H, which is O(n3) with standard tech-
niques.

I They achieve sub-quadratic but super-linear rates of convergence
(cost of update or inverse update is O(n2) operations), and as a result
they are employed more often in practice than Newton’s method.

I Speed of execution for ML estimation in beta regression models is
proportional to n + (k + h)2, but this will depend on the algorithm.

I If Newton or quasi-Newton method are used, asymptotic standard er-
rors usually are estimated from the inverse of the final Hessian matrix,
unlike derivative-free methods such as the simplex method.
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I Beta regression models have been implemented in R/SPlus, SAS,
Stata, SPSS, Mathematica, Matlab, Ox and Gauss using Newton-
Raphson and/or quasi-Newton methods.

I Different implementations require more or less information from the
user.

I Beta regression models seems to converge readily to the optimum if
the assumed starting values are good. Models with several terms in
the dispersion sub-model, however, are more difficult to estimate.

I For Beta regression models, numerical evidence from Monte Carlo
simulations and empirical analyses based on real data obtained by
[Monroy et al., 2008] indicate that the Newton and BFGS algorithms
are fast, accurate and behave well even in unfavorable situations such
as the existence of leverage points and high correlation amongst re-
gressors.
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Computational implementations

R
I R use the optim routine for MLE with the BFGS quasi-Newton method

in the betareg package.
I The R package nlme fits such a model.
I R use the gamlss routine with the RS or CG algorithm of Rigby and

Stasinopoulos (2005), which in turn uses a backffitting algorithm to
perform each step of the Fisher scoring procedure (suitable for semi-
parametric modeling)

1. RS: a generalization of the Mean and Dispersion Additive Models (MADAM)
algorithm, [and does not use the cross derivatives], is more suited (Rigby
and Stasinopoulos, 1996)

2. CG: a generalization of Cole and Green (1992) [uses the first and (ex-
pected, observed or approximated) second and cross derivatives of the
likelihood function with respect to the distribution parameters

3. mixed: a mixture of RS+CG (i.e. j iterations of RS, followed by k iterations
of CG)
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Splus
Splus use the nlminb quasi-Newton routine and
[Venables and Ripley, 2002] vcov.nlminb in the MASS library for
computing the Hessian and the asymptotic estimates. A version of
optim for SPlus also is available in the MASS library.

SPSS
I In SPSS, beta regression models can be fitted under its Nonlinear

Regression (NLR and CNLR) procedure.
I SPSS uses numerical approximations to the derivatives, so the ana-

lytic score function and Hessian are not needed.
I There are subcommands that provide predicted values, residuals,

gradient values, and bootstrap standard-error estimates for the co-
efficients.

I The Hessian and asymptotic standard error estimates are not cur-
rently available.
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SAS
I SAS, for instance, only requires the likelihood and analytically com-

putes the derivatives for Newton methods.
I SASwill estimate a beta regression using proc nlmixed, proc nlin,

or proc glimmix.
I The glimmix procedure does not allow a dispersion model but does

generate reasonable estimates for variance component models with
beta responses via penalized quasi-likelihood, whereas the random
location effects models we have tried using nlmixed computed by
adaptive Gaussian quadrature typically did not converge.

I To compute a dispersion model, nlmixed or nlin will be necessary.
More details, see [Smithson and Verkuilen, 2005].
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Other packages
I Stata use the betafit routine for MLE http://repec.org/
bocode/b/betafit.html

I Ox (Doornik, 2001) use the MaxBFGS routine for MLE with the BFGS
quasi-Newton method.

I Matlab use the fminunc routine for MLE betareg script in the
betareg procedure http://www.mathworks.com/matlab
central/ fileexchange/24994-beta-regression/
content/betareg.m

I Mathematica use the Minimize, Solve, or nlp routines for MLE.
I idea ! We can try to developed Symbolic Maximum Likelihood Esti-

mation for beta regression models.
[Rose, C. and M.D. Smith. 2000. “Symbolic Maximum Likelihood
Estimation with Mathematica.” The Statistician, 49(2): 229-240]
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Starting Values
I Optimization algorithms require initial values to be used in the iterative

scheme.
I For linear beta regression models with constant precision

[Ferrari and Cribari-Neto, 2004] suggest using the OLS estimators from
the regression on the link-transformed dependent variable for the lo-
cation sub-model.

I In general the OLS estimates track the location model tolerably well.
I For linear beta regression models with variable precision similar pro-

posal for starting-values of the coefficients in the dispersion sub-model
is not suitable.

I An approach is to begin with the null model (i.e., intercept-only sub-
models with coefficients β0 and γ0), using the MM to provide starting-
values forβ0 and γ0. Then the resultant MLE of β0 and γ0 are used
along with starting-values close to 0 for of β1 and/or γ1 and MLE β0,
γ0 β1 and γ1 are obtained. These in turn are used as starting-values
for the next more complex model.

I This approach is more time expensive.
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I For nonlinear beta regression models [Simas et al., 2010] suggest as
initial guesses for β and θ obtain the estimates from the normal non-
linear regression model with dispersion covariates: g1(µi ) = f1(xi ;β)
and g2(σ2

i ) = f1(zi ; θ).

I This will produce β̂(0) and θ̂(0), which will be our initial guesses, where
for this initial guess we assume that Yi ∼ N (µi , σ

2
i ).

I Note that we are viewing the normal nonlinear model above in the
generalized nonlinear model sense, since we are using the link func-
tions.
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I An another approach is to provide a grid of starting values and esti-
mate the model over this grid, looking for changes in the computed
likelihood function and the estimate

I This procedure is very effective at avoiding local optima but it is very
time consuming

I The size of the grid grows with multiplicatively with the number of
parameters.

I An intermediate strategy is to use a grid over only a subset of the
parameters, e.g., the location sub-model only.
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I idea ! We can use Random Research Method to generates trial
solutions for the optimization model. Random search method includes
random jump method, random walk method and random walk method
with direction exploitation.
[Zabinsky, Z. B., “Random Search Algorithms” a book chapter in the
Wiley Encyclopedia of Operations Research and Management Sci-
ence, edited by J. J. Cochran, invited by Jeffrey Kharoufeh and James
Spall, John Wiley & Sons, accepted October 2009.]
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I In beta regression models with “many parameters" we can use MCMC
methods (Metropolis-Hastings, Gibbs Sampler, ...) and/or approxi-
mate likelihood functions (Laplace, Gauss-Hermite, Whittle’s Approx-
imation, Penalized quasi-likelihood,..) to estimate the model.

I For Mixed Beta regression models [Branscum et al., 2007],
[Figueroa-Zuñiga et al., 2012] and [Buckley, 2001] use MCMC esti-
mation in winBUGS, which provides a Bayesian posterior density.

I For longitudinal beta regression models with random effects
[Manco, 2013] use a Gauss-Hermite quadrature to approximate likeli-
hood function and score method to obtain MLE.

I For beta regression models with Errors-in-variables
[Jalmar M. F. et al., 2012] use Gauss-Hermite quadrature to approx-
imate likelihood function and Maximum pseudo-likelihood estimation.
The MLE are obtained using quasi-Newton BFGS algorithm.
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Ok, but in beta regression models more complex
(multi-parameters, nonlinear, missing data, ... ) as we can
estimate ?

idea ! If we can obtain an expression for the likelihood function (beta
regression models very complexes) we can use Metaheuristic Algorithms
for Optimization.

I Simulated Annealing [Kirkpatrick, S., Gelatt, C. D., and Vecchi, M. P.,
(1983). Optimization by simulated annealing, Science, 220 (4598),
671-680. ]

I Genetic Algorithms [Holland, J., (1975). Adaptation in Natural and
Artificial Systems, University of Michigan Press, Ann Arbor.]

I Differential Evolution [ Storn R. and Price K., (1997). Differential evo-
lution - a simple and efficient heuristic for global optimization over
continuous spaces, Journal of Global Optimization, 11, 341-359. ]

I Ant Colony Optimization [ Dorigo, M. and Stutzle, T., (2004). Ant
Colony Optimization, MIT Press. ]
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I Bee Algorithms [ Yang X. S., Engineering optimization via nature-
inspired virtual bee algorithms, IWINAC 2005, Lecture Notes in Com-
puter Science, 3562, 317-323 (2005).]

I Particle Swarm Optimization [Kennedy, J. and Eberhart, R. C., (1995).
Particle swarm optimization, in: Proc. of IEEE International Confer-
ence on Neural Networks, Piscataway, NJ. pp. 1942-1948.]

I Harmony Search [Geem, Z. W., Kim, J. H. and Loganathan, G. V.,
(2001). A new heuristic optimization: Harmony search, Simulation,
76, 60-68. ]

I Firefly Algorithm [ Yang X. S., (2009). Firefly algorithms for multimodal
optimization, 5th Symposium on Stochastic Algorithms, Foundation
and Applications (SAGA 2009) (Eds Watanabe O. and Zeugmann T.),
LNCS, 5792, pp. 169-178. ]
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I Cuckoo Search [Yang X. S., and Deb, S. (2010). Engineering opti-
mization by cuckoo search, Int. J. Math. Modelling Num. Optimisa-
tion, 1(4), 330-343.]

I Fish Swarm Optimization [ Mingyan Jiang; Kongcun Zhu; , "Multiob-
jective optimization by Artificial Fish Swarm Algorithm," Computer Sci-
ence and Automation Engineering (CSAE), 2011 IEEE International
Conference on , vol.3, no., pp.506-511, 10-12 June 2011]

I GRASP Optimization (greedy randomized adaptive search procedure
Optimization) [ M.J. Hirsch, P.M. Pardalos, M.G.C. Resende, Speed-
ing up continuous GRASP, European Journal of Operational Research,
Volume 205, Issue 3, 16 September 2010, Pages 507-521]
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Improved estimators - Bias reduction
I Maximum Likelihood Estimators (MLEs) have many well known, de-

sirable properties.
I Many of these properties depend on having a large sample size.
I In particular, MLEs may be biased if the sample size is small.
I Analytic Bias correction in beta regression models has been studied

by
I Ospina, Cribari-Neto, Vasconcellos (2006) and Kosmidis & Firth (2010)

[beta regression with constant precision]
I Simas, Barreto-Souza & Rocha (2010) [general beta regression]
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Corrective approach
I Cox and Snell (1968) developed an O(n−1) formula for MLE small

sample bias for independent observations
I Cox and Snell (1968) formula was re-expressed by Cordeiro and Klein

(1994) for non-independent observations (henceforth referred to as
CSCK bias method)

I Consider a distribution with p = k + h parameters θ = (θ1, . . . , θp) =
(β1, . . . , βk , γ1, . . . , γh)T

I `(θ) is a regular model with respect to all derivatives to and including
the third order.

I Define joint cumulants of the total log-likehood function derivatives for
s, t ,u = 1,2, ...,p : κst = E[∂2`/∂θs∂θt , ] κstu = E[∂3`/∂θs∂θs∂θu],
κst,u = E[∂2`/∂θs∂θt ,partial`/∂θu].

I Cumulant derivative: κ(u)
st = ∂κst/∂θu.
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I The total Fisher information Matrix is F (θ) = [−κst ] and its inverse
F (θ)−1 = [−κst ].

I From the general expression for the multi-parameterO(n−1) biases of
the MLEs given by Cox and Snell (1968) can be write for r = 1, . . . ,p
as

B(θ̂r ) = E[θ̂r − θ̂] =
∑
s,t,u

κruκst

(
κrs,t +

1
2
κrst

)
.

I For the general beta regression model, the matrix form of bias is

B(θ̂) = F (θ)−1DT (ω1 + ω2) = (DT WD)−1DT (ω1 + ω2),

where ω1 and ω2 are 2n × 1-vectors defined in terms of cumulants
[Simas et al., 2010].

I Thus, the O(n−1) bias of θ̂ is easily obtained as the vector of regres-
sion coefficients.
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I The bias-corrected estimator θ̃ as

θ̃ = θ̂ − B̂(θ̂),

where B̂(θ̂) denotes the MLE of B(θ̂), that is, the unknown parameters
are replaced by their MLEs.

I Note that to calculate the estimator is required the tedious calculation
of cumulants and algebraic simplifications.

I idea !!! We can developed a module in Mathematica , Matlab or in
another mathematic symbolic packages to compute the MLE bias for
the model.

I idea !!! Using symbolic computations we can perform approximations
to the bias (calculate derivatives high order).

I idea !!! We can use the Symbolic Maximum Likelihood Estimation
package (SMLE.m) provided in Rose and Smith (2000), that allows
for an analytic representation of the total log-likelihood function.

I idea !!! For users, we make link R with Mathematica.
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Preventive approach
I We can consider alternative methods for minimizing finite sample MLE

bias, such as the “preventive” approach discussed in Firth (1993).
I This method remove the O(n−1) bias and consists of modifying the

original score function:

S∗(θ) = S(θ) + A(θ), (7)

in particular
S∗(θ) = S(θ) + F (θ)B(θ),

where B(θ) is the O(n−1) bias.
I The solution θ̌ of S∗(θ) = 0 is a bias-corrected estimator.
I Nonlinear optimization algorithm must be used.
I Kosmidis and Firth (2010) show that bias correction of the ML estima-

tor in parametric models may be achieved via a unifying quasi Fisher
scoring algorithm.
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Preventive approach - Algorithmic version
I For the linear beta regression model with variable precision the quasi

Fisher scoring algorithm has the form

θ(j+1) = θ(j) + (F (θ(j)))(−1)S(θ(j))− B(θ(j))

where B(θ(j)) = −F (θ)−1A(θ).

I The t-th component of the vector A(θ) has the form

At (θ) =
1
2

tr[F (θ)−1(Pt (θ) + Qt (θ))], t = 1, . . . , k + h.

I

Pt (θ) = E[S(θ)ST (θ)St (θ)]

Qt (θ) = −E[I(θ)St (θ)].

I In R, the corrective and preventive bias reduction has been added in
the principal model fitting function betareg().
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I If the starting value θ0 is the ML estimator θ̂, then θ(1) is the bias-
corrected estimator

θ̃ = θ̂ − B̂(θ̂),

which also has smaller asymptotic bias compared to the ML estimator
(Efron 1975).

I idea !!! Preventive approach using Fast proximal gradient methods.
I We can use FISTA (Fast Iterative Shrinkage-Thresholding Algorithm)

to perform the solution of (7).
I Recent methods have been developed by

I Nesterov (1983, 1988, 2005): three gradient projection methods with
1/k2 convergence rate (k is the step number).

I Beck & Teboulle (2008): FISTA, a proximal gradient version of Nesterov’s
1983 method.

I Nesterov (2004 book), Tseng (2008): overview and unified analysis of
fast gradient methods.
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I FISTA [A. Beck and M. Teboulle, A fast iterative shrinkage-thresholding
algorithm for linear inverse problems, SIAM J. on Imaging Sciences
(2009)] [ A. Beck and M. Teboulle, Gradient-based algorithms with ap-
plications to signal recovery, in: Y. Eldar and D. Palomar (Eds.), Con-
vex Optimization in Signal Processing and Communications (2009)]

I FISTA with line search [D. Goldfarb and K. Scheinberg, Fast first-order
methods for composite convex optimization with line search (2011) ],
[Yu. Nesterov, Gradient methods for minimizing composite objective
function (2007)]

I FISTA as descent method [O. Gler, New proximal point algorithms for
convex minimization, SIOPT (1992)]

I Nesterov’s method [Yu. Nesterov, Smooth minimization of non-smooth
functions, Mathematical Programming (2005)] [S. Becker, J. Bobin,
E.J. Candes, NESTA: a fast and accurate first-order method for sparse
recovery, SIAM J. Imaging Sciences (2011)]
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I ideia !!! Some other ideas for improved estimators are based in the
penalized likelihood.

I Using quadratic penalties.
I Using Multiplier methods (augmented Lagrangian method) [D.P. Bert-

sekas, Constrained Optimization and Lagrange Multiplier Methods
(1982)]

I Proximal point algorithm [O. Gler, New proximal point algorithms for con-
vex minimization, SIOPT (1992)]

I Augmented Lagrangian algorithm [O. Gler, Augmented Lagrangian algo-
rithm for linear programming, JOTA (1992)]

I Moreau-Yosida regularization [J. J. Moreau, Proximite et dualite dans un
espace hilbertien, Bulletin de la Societe Mathematique de France, 93
(1965), pp. 273-299.]

I Alternating direction method of multipliers (ADMM) [D. Goldfarb, S. Ma,
K. Scheinberg, Fast alternating linearization methods for minimizing the
sum of two convex functions, arxiv.org/abs/0912.4571 (2010)]
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